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�
�'XULQJ�WKH�ODVW�� � ���� \ HDUV�DWWHQWLRQ�LQ�WKH�VHYHUDO�,QWHUQHW�VLWHV�DWWUDFWHG�WR�UHSXQLWV��WKH�V\PP HWULF�LQWHJHUV�WKDW�KDYH�
DOO�GLJLWV�LQ�GHFLPDO�V\ VWHP� �EDVH�� ��HTXDO�WR�XQLW\�>� ��@��,Q�WKH�SUHVHQW�DUWLFOH�ZRUG�UHSXQLW�LV�XVHG�IRU�PRUH�JHQHUDO�
FODVV�RI�LQWHJHUV��: H�VKDOO�LPSO\�WKDW�UHSXQLW�LV�WKH�LQWHJHU�WKDW�KDV�DOO�GLJLWV�HTXDO�WR�XQLW\�LQ�WKH�JLYHQ�SRVLWLRQDO�
V\VWHP�RI�QXPHUDWLRQ�QRQ�REOLJDWRU\�GHFLPDO��IRU�H[ DPSOH�WULGHFLPDO�V\VWHP��EDVH��� ��RU�VH[DJHDVLPDO��V\VWHP� �EDVH�
� � ���,Q�WKH�VHFRQG�VHFWLRQ�RI�WKH�DUWLFOH�ZH�VKRZ�WKDW�VRPH�UHSXQLWV�DUH�FRQQHFWHG�E\�VLPSOH�PDWKHPDWLFDO�UHODWLRQ�ZLWK�
RWKHU�V\PPHWULFDO�LQWHJHUV�WKDW�KDYH�V\ PPHWU\�RI�QDWXUDO�VHULHV��ZKLFK�KDYH�GLJLWDO�SUHVHQWDWLRQ�LQ�WKH�IRUP� ���� � �« ��
,Q�WKH�WKLUG�VHFWLRQ�SUHVHQWHG�SULPH�IDFWRUL]DWLRQ�RI�VRPH�RI�WKRVH�UHSXQLWV��,Q�WKH�IRXUWK�VHFWLRQ�RI�WKH�DUWLFOH�GLVFXVVHG�
SRVVLEOH�UHODWLRQ�RI�UHSXQLWV�WR�SDUWLFOH�SK\VLFV��
�1 RZ�ZH�VKDOO�VD\�VRPH�ZRUGV�DERXW�WKH�QDPH�RI�WKH�DUWLFOH��1 DWXUDO�VHULHV�LV�� �� ��� �� ��� � � ��� � � ��« �+ DUPRQLF�VHULHV�LV�� �

� ��� � � ��� � � ��� � � ��« �: H�FDQ�VHH�WKDW�ERWK�VHULHVHV�KDYH�WKH�VDPH�GLJLWDO�FRQVWUXFWLRQ�DQG�RQO\�GLIIHUHQFH�LV�LQ�WKH�VLJQ�RI�
WKH�SRZHUV��7KH�DXWKRU�GHYRWHV�KLV�PRGHVW�DUWLFOH�WR�WKH�PHPRU\� RI�SLDQLVW�DQG�FRPSRVLWRU�: ��$�� 0 R]DUW�ZKLFK�LV�� � ��
LQ�WKLV�\HDU���� � � ���DQG�ZKLFK�KDG�EHHQ�RQH�RI�WKH�JUHDWHVW�PDVWHUV�RI�WKH�KDUPRQ\ ��:�� $ ��0 R] DUW�KDG�EHHQ�GLHG�LQ�
' HFHPEHU����7KH�DXWKRU�RI�WKH�DUWLFOH�ZDV�ERUQ�DOVR�LQ�' HFHPEHU����DQG�ZLOO����LQ�WKLV�\ HDU��7KLV�P\VWLFDO�FRLQFLGHQFH�
IRUFHV�KLP�WR�VKRZ�SUHIHUHQFH�WR�ZRUG�³+DUPRQ\´�EXW�QRW�³1 DWXUH́��
�
�
���� 0 LQLPXP�HUURU�UHSXQLW�
�
�
����)LUVW�DW�DOO�ZH�VKDOO�LQWURGXFH�VRPH�FODVVLILFDWLRQ�RI�QXPEHUV�WKDW�ZLOO�EH�XVHIXO�IRU�XV�IXUWKHU��:H�GHILQH�D�UDQN�RI�D�
SRVLWLRQDO�QXPEHU�V\VWHP�DV�WKH�QXPEHU�RI�ILJXUHV�WKLV�V\ VWHP�XVHV��(�J���WKH�UDQN�RI�WKH�GHFLPDO�V\VWHP�LV�HTXDO�WR�
QLQH��) RU�1 ��UDQN�V\VWHP�RI�QXPHUDWLRQ�ZH�GHILQH�ILYH�W\SHV�RI�QXPEHUV��� ��: H�VD\�WKDW�QXPEHU�LV�ILOOHG�QXPEHU�LI�] HUR�
LV�QRW�XVHG�IRU�QXPEHU�ZULWLQJ��,Q�FRQWUDU\�FDVH�QXPEHU�ZLOO�EH�QDPHG�XQILOOHG��( �J���� � � � �LV�ILOOHG�QXPEHU�DQG����� �LV�
XQILOOHG�QXPEHU�����:H�V D\�WKDW�QXPEHU�LV�RQH�GLJLW�LI�RQO\�RQH�GLJLW�LV�XVHG�IRU�QXPEHU�ZULWLQJ��,Q�FRQWUDU\�FDVH�
QXPEHU�ZLOO�EH�QDPHG�PXOWLGLJLWDO�QXPEHU��( �J���� ��� �LV�RQH�GLJLW�QXPEHU�DQG�� ��� � �RU�� ��� � �DUH�PXOWLGLJLWDO�QXPEHUV��
��� )LOOHG�RQH�GLJLW�LQWHJHU�ZH�QDPH�GLJLW��( �J���� �LV�GLJLW�EXW�� � �LVQ¶W�GLJLW��VR�DV�LW�RQH�GLJLW�LQWHJHU�EXW�QRW�ILOOHG��� �� : H�
VD\�WKDW�LQWHJHU�LV�RQH�GLJLW�SULPH�LI�WKH�LQWHJHU�VLPXOWDQHRXVO\�GLJLW�DQG�SULPH��(�J� ��LQ�WKH�WULGHFLPDO�V\VWHP� � � �LVQ¶W�
RQH�GLJLW�SULPH�VR�DV�LW�RQH�GLJLW�LQWHJHU�DQG�SULPH�EXW�QRW�GLJLW��� �� :H�VD\�WKDW�LQWHJHU�LV�XQILOOHG�UHSXQLW�LI�LQ�DGGLWLRQ�
WR�XQLW\�]HUR�LV�DOVR�XVHG�IRU�WKH�QXPEHU�ZULWLQJ��(� J������� �LV�XQILOOHG�UHSXQLW��) XUWKHU�ZH�VKDOO�FRPSDUH�WUDQVIRUPDWLRQ�
FKDUDFWHULVWLFV�RI�QXPEHU�GXULQJ�SHUPXWDWLRQ�RI�GLJLWV��,Q�WKLV�FDVH�ZH�VXSSRVH�WKDW�DOO�SRVLWLRQ�RFFXSLHG�E\�] HURV�
XQFKDQJHG��,Q�RWKHU�ZRUGV�RQO\�WKRVH�SHUPXWDWLRQ�DUH�LQ�WKH�FRQVLGHUDWLRQ�LQ�ZKLFK�HYHU\�SRVLWLRQ�RFFXSLHG�E\�] HUR�
EHIRU��WKH�SHUPXWDWLRQ��PXVW�DOZD\V�EH�RFFXSLHG�E\�] HUR�DIWHU�WKH�SHUPXWDWLRQ��7DNLQJ�WKLV�LQ�PLQG�ZH�FDQ�VD\� WKDW�RQH�
GLJLW�QXPEHU�DQG�UHSXQLW�XQFKDQJHG�DIWHU�DUELWUDU\� SHUPXWDWLRQ�RI�GLJLWV��
�,I�Z H�ZLOO�FRPSDUH�UHSXQLWV�ZLWK�WKH�GLJLW�ZH�ZLOO�ILQG�VRPH�FRPPRQ�SURSHUWLHV��) LUVW�LV�WKDW�DV�WKH�GLJLW�UHSXQLWV�PD\�
EH�SULPH�DQG�FRPSRVHG�LQWHJHU�>�@��6HFRQG�LV�WKDW�UHSXQLWV�XQFKDQJHG�DIWHU�DUELWUDU\�SHUPXWDWLRQV�RI�GLJLWV��%XW�WKHUH�LV��
DOVR�VRPH�GLIIHUHQFHV��)LUVW�LV�FRQQHFWHG�ZLWK�WKH�GXDO�SURSHUW\�RI�GLJLW��DQG�DOVR�HYHU\� RQH�GLJLW�QXPEHU���WKDW�
DQDORJRXV�WR�GXDO�SURSHUW\�RI�SDUWLFOH�LQ�WKH�TXDQWXP�PHFKDQLF��SDUWLFOH�LV�VLPXOWDQHRXVO\�SDUWLFOH�DQG�ZDYH���,Q�WKH�
FDVH�RI�RQH�GLJLW�QXPEHU�LW�PD\� EH�VD\�WKDW�DOO�LWV�GLJLWV�GLIIHUHQW�VR�DV�RQO\�RQH�GLJLW�XVHG�IRU�ZULWLQJ�DQG�IRU�WKLV�
UHDVRQ�QR�WZR�HTXDO�GLJLWV�XVHG�IRU�ZULWLQJ�WKH�LQWHJHU��,I�ZH�DFFHSW�WKLV�YHUVLRQ�ZH�FDQ�ILQG�EHWZHHQ�PXOWLGLJLWDO�
LQWHJHUV�WRWDOLW\� RI�ILOOHG�LQWHJHUV�ZLWK�WKH�VDPH�SURSHUWLHV�VHH�DOVR�>�@��%XW�ZLWK�HTXDO�VXFFHVV�ZH�FDQ�DOVR�VD\�WKDW�LQ�
RQH�GLJLW�QXPEHU�DOO�GLJLWV�DUH�HTXDO�VR�DV�QR�WZR�GLIIHUHQW�GLJLWV�XVHG�IRU�WKH�LQWHJHU�ZULWLQJ��,Q�WKLV�FDVH�UHSXQLWV�LV�WKH�
WRWDOLW\� RI�PXOWLGLJLWDO�LQWHJHUV�WKDW�KDYH�WKH�VDPH�SURSHUWLHV��6HFRQG�GLIIHUHQFH�LV��WKDW�GLJLW�LV�FRPSRVHG�LI�DQG�RQO\�LI�
VXP�RI�LW¶V�GLJLWV�LV�FRPSRVHG��,Q�WKH�FDVH�RI�UHSXQLWV�LI�VXP�RI�GLJLW�FRPSRVHG�UHSXQLW�LV�DOZD\V�FRPSRVHG�>� @��IXUWKHU�
ZH�VKDOO�SURYH�WKDW�WKLV�SURSHU\� LV�WUXH�IRU�DUELWUDU\� V\VWHP�RI�QXPHUDWLRQ���DQG�PD\�EH�FDVH�WKDW�VXP�RI�UHSXQLW�GLJLWV�LV�
SULPH�EXW�UHSXQLW�LWVHOI�FRPSRVHG�>� ��@��
�/HW�XV�FRQVLGHU�D� QXPEHU�V\ VWHP� RI�1 � UDQN� DQG� ZLWKLQ� LW�DQ�1 �GLJLW�UHSXQLW�5 1� � �GLJLW�� �� RU�XQLW\ �� H[ LVWV�LQ� DQ\�
SRVLWLRQDO� QXPEHU�V\VWHP��� 7KH� IROORZLQJ� 7KHRUHP� �� ZLOO�EH�SURYHG�� � ³) RU� DQ\� QXPHUDWLRQ�V\ VWHP� RI�1 � UDQN�� WKH�
IROORZLQJ�H[ SUHVVLRQ�LV�WUXH��
�
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:H� XVH�KHUH�JHQHUDOL] DWLRQ�RI�QRWDWLRQV�LQWURGXFHG�LQ�>�@�IRU�GHVFULSWLRQ�RI�UHSXQLW��6XEVFULSW�LQ�EUDFNHWV�RI�LQ�WKH�ULJKW�
FRUQHU�LQGLFDWH�QXPEHU�RI�GLJLWV��VXEVFULSW�LQ�WKH�EUDFNHWV��RI�OHIW�FRUQHU�LQGLFDWH�UDQN�RI�WKH�V\VWHP�QXPHUDWLRQ�ZKLFK�LV�
XVHG�IRU�LQWHJHU�SUHVHQWDWLRQ��,Q�WKH�H[ SUHVVLRQ��WKH�QXPEHU�E1 �LV�FRPSRVHG�RI�1 �� �XQUHSHDWHG�ILJXUHV��SODFHG�LQ�WKH�
RUGHU�RI�LQFUHDVH�FRQFHUQLQJ�WKH�QXPEHUV�WKH\�UHSUHVHQW��IURP�OHIW�WR�ULJKW��7KH�RQO\�ILJXUH�WKDW�UHPDLQV�XQXWLOL] HG�LQ�
WKH�UHSUHVHQWDWLRQ��FRPSRVLWLRQ��RI�WKH�QXPEHU�E1 �LV�WKH�ILJXUH�D1 � � ��DV�LW�LV�RPLWWHG�LQ�� �� ���� ��� ��� ��« ��D1 ��DUH�WKH�ILJXUHV�
FRUUHVSRQGLQJ�WR�WKH�QDWXUDO�VHULHV��D1 �EHLQJ�WKH�ODVW�GLJLW�FRUUHVSRQGLQJ�WR�WKH�ODUJHVW�RQH�GLJLW�QXPEHU�RI�WKH�V\ VWHP�
XQGHU�FRQVLGHUDWLRQ��
�7KH�7KHRUHP�LV�SURYHG�E\�Z D\� RI�LQGXFWLRQ��
$ FFRUGLQJ�WR��� ���WKH�ODVW�SRVLWLRQ�LQ�WKH�UHSUHVHQWDWLRQ�RI�QXPEHU��E1 �Â�D1 �LV�RFFXSLHG�E\�WKH�ODVW�GLJLW�RI�WKH�QXPEHU��
���D1� Â�D1 ��A�D1�Â�� �1� �� �� �� � D1 �� ��D1 � � �1 �D1 �� � ���������������������������������������������� �� � �
+HQFH��DFFRUGLQJ�WR��� ���WKH�ODVW�SRVLWLRQ�LQ�WKH�UHSUHVHQWDWLRQ�RI�WKH�QXPEHU�E1 �Â�D1 �LV��LQGHHG����� XQLW\ ���
: KLOH�LQIHUULQJ���� ��ZH�XVHG�WKH�IDFW�WKDW�LW�IROORZV�IURP�WKH�GHILQLWLRQ�RI�D�SRVLWLRQDO�QXPEHU�V\ VWHP�RI�1�UDQN�
������ �D1 � { ��1 � � ��
���D1 �Â��1 � � �� A�D1 �� � D1 �� ��� ��1 � � �������������������������������������������������������������������� ����
�
�7KH��QH[ W�WR�ODVW�SRVLWLRQ�LQ�WKH�QXPEHU�E1 �Â�D�1 �LV�RFFXSLHG��DFFRUGLQJ�WR����� ���E\�WKH�ODVW�GLJLW�RI�WKH�H[SUHVVLRQ�
����D1 � � ��Â��D1 ��� D1� � � � D1 � � ��� ��D1 �� ��� �D1 �� � � �D1 �� �� � �� ���1� D1� � � ������������ � �
�
,V�IROORZV�IURP� �� ��WKDW�WKH�QH[W�WR�ODVW�SRVLWLRQ�LQ�WKH�QXPEHU�E1 �Â�D1 �LV�DOVR�RFFXSLHG�E\� � ��XQLW\ ��� 6LPLODUO\���� VWDQGV�
LQ�WKH�QH[ W�WR�QH[ W�WKH�ODVW�SRVLWLRQ��L�H���WKH�WKLUG�SRVLWLRQ�IURP�WKH�ULJKW�� LQ�WKH�QXPEHU�E1 �Â�D�1 ��� ,QGHHG��WKH�QH[W�WR�
QH[ W�WKH�ODVW�SRVLWLRQ�LQ�WKH�QXPEHU�E1 �Â�D�1 �LV�RFFXSLHG��DFFRUGLQJ�WR����� � ���E\�WKH�ODVW�GLJLW�RI�WKH�H[SUHVVLRQ�
����D1 � � ��Â�D1 ���� D1� � � �� �D1 � � �Â���1� � � �� ��� �D�1 � � � �� �1 �D�1 �� � ����������������������������������� � �
:H�K DYH�VKRZQ��WKHUHIRUH��WKDW�DW�OHDVW�WKUHH�ODVW�GLJLWV�LQ�WKH�QXPEHU�E1 �Â�D1 �ZUH�HTXDO�WR�� ��
��6XSSRVH�QRZ� WKDW�WKH�GLJLW�� DW� �RFFXS\LQJ�WWK� �SRVLWLRQ�LQ�WKH�QXPEHU�E1 �� LV�PXOWLSOLHG�E\�WKH�QXPEHU�D1� DQG�WR�WKH�
SURGXFW�WKXV�REWDLQHG�ZH�DGG�WKH�ILUVW�GLJLW�RI�WKH�QXPEHU��1 �DW� � �DW� � �«�D 1 �� �D1 �� �D1 �Â�D1 ��/ HW�DV�VXSSRVH�WKDW�DV�D�UHVXOW�
ZH�VKDOO�REWDLQ��WKH�QXPEHU��1 �DW� ��LQ�IXOO�FRPSOLDQFH�ZLWK��� � ��� ��ZKLFK�PHDQV�WKDW�LQ�WKH�QXPEHU�E1 �Â�D1 ���WKH��1� W�WK�
SRVLWLRQ�IURP�WKH�ULJKW�LV�RFFXSLHG�E\� � ��
�8 QGHU�WKLV�DVVXPSWLRQ�OHW�XV�QRZ�ILQG�WKH�ODVW�GLJLW�LQ�WKH�QXPEHU�ZKLFK�LV�IRUPHG�E\�PXOWLSOLFDWLRQ�RI�WKH�GLJLW�DW�� ��
RFFXS\ LQJ��W���WK�SRVLWLRQ�LQ�WKH�QXPEHU�E1� ��E\�D1 ��IROORZHG�E\� DGGLQJ�DW�WR�WKH�SURGXFW�WKXV�REWDLQHG�
�
������DW����Â�D1 ��� DW�� � DW���� Â�� �1 ���� ��� ��DW� � �1 �DW�� � ��������������������������������������������������������� � ��
��
�: H�VHH�IURP� � �� ��WKDW�� �DOVR�RFFXSLHV���1� ��� � �W��WK�SRVLWLRQ�IURP�WKH�ULJKW�LQ�WKH�QXPEHU�E1 �Â�D1 ��7KHRUHP� �� LV�SURYHG��
,W�IROORZV�IURP�7KHRUHP� �� WKDW�
) RU�WKH�UHSXQLW�5 1 �DOZD\ V�H[ LVW�DQ�RQH�GLJLW�GLYLVRU�GLIIHUHQW�IURP� � ��
,Q�WKH�IDFWRUL]DWLRQ�RI�WKH�UHSXQLW�5 1� LQWR�WKH�IDFWRUV�E1 �DQG�D1 ��WKHUH�DUH�RQO\�WZR�VHOHFWHG�ILJXUHV�D1 �� �
DQG�D1 �WKDW�FRUUHVSRQG�WR�WKH�QXPEHUV�1 �b�1 �� ���7KH�ILJXUH�D1 �LV�SUHVHQWHG�WZLFH��ZKLOH�WKH�ILJXUH�D1 �� �LV�
DOWRJHWKHU�DEVHQW��$ OO�WKH�UHVW�RI�WKH�ILJXUHV�RI�WKH�V\VWHP�WKDW�FRUUHVSRQG�WR�ILUVW�1� �� LQWHJHUV�RI�QDWXUDO�
VHULHV��L�H���1 �� �GLJLWV�RI�WKH�E1 ��DSSHDU�MXVW�RQFH�LQ��� ���
) ROORZLQJ� WKH� PHWKRG� GHVFULEHG�DERYH�LW�HDV\� WR� VKRZ� WKDW�IRU�P �GLJLW�LQWHJHU��1 �K�P �� WKDW� KDV�LQ� WKH�
V\VWHP�RI�UDQN�1 �UHSUHVHQWDWLRQ�
�
�������������������������� �1� + �P� �A��1 � ���� «P��� ����������������������������������������������������������������� �� ��
�
ZKHUH����� «P �LV�QDWXUDO�VHULHV�ILQLVKHG�E\�P ��IROORZLQJ�PDWKHPDWLFDO�UHODWLRQ�LV�WUXH�
�
������1� + �P� �ÂD1 � ��1 �� � � « � �P �� ��Â

�
�1� ���� �� �1 � ��P ��A��1 �5 �P � � ��Â

�
�1 � � � ���� �1 � � �P� �������������� �� � �

�
,QWHJHU��1� + �P� � ZH�VKDOO�QDPH� ³KDUPRQLF� LQWHJHÚ�� 0 D[ LPXP� KDUPRQLF� LQWHJHU�LQ�WKH�V\ VWHP� RI�
QXPHUDWLRQ�RI�UDQN�1 �REYLRXVO\� LV��1� + �1� �A�+ 1� ���
�: H�FDQ�UHZULWH�UHODWLRQ���� ��LQ�WKH�IRUP�PRUH�OLNH��� ��
�
����1 �5 �P � � �� � �1 �+ �P� Â1Â� �1 ���� � ��� �� ���1 ���P �Â� �1� ���� � � ��������������������������������� � ��
�

,W�LV�FRQYHQLHQW�IRU�IXUWKHU�DSSOLFDWLRQ�WR�UHZULWH��� ��LQ�WKH�IRUP�
�
������������������������������� 5 1 � � �1 �+ �1� � �� �Â�1���1 ������������������������������������������������������������ �� � � �
�
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5HODWLRQ�� � ��DQG����� YHU\�VLPLODU��,Q�WKH�ERWK�FDVHV�UHSXQLWV�LV�LQ�WKH�OHIW�SDUWV�RI�HTXDWLRQV�DQG�KDUPRQLF�
LQWHJHUV�PXOWLSOLHG�E\�UDWLRQDO�IDFWRUV�SOXV�DGGLWLRQDO�UDWLRQDO�UHPLQGHUV�DUH�LQ�WKH�ULJKW�SDUW�RI�HTXDWLRQV��
,I�ZH�QHJOHFW�E\� UDWLRQDO�UHPLQGHUV��WKDW�LV�ZH�VXSSRVH�WKDW�WKH�UHSXQLW�LV�GLYLGHU�RI�WKH�KDUPRQLF�LQWHJHU��
ZH�VKDOO�JHW�LQ�WKH�FDVH�RI����� UHODWLYH�HUURU�
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P  �1 �5 �P � � �

�� Â�1 � � �P ��Â��1� � � � � §�1� � �P �Â�1� � � � �P ��� ������������������ � � � ����������������������������������������������������������������
�
,Q�WKH�FDVH�RI�HTXDWLRQ������ ZH�VKDOO�JHW�UHODWLYH�HUURU�
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,W�IROORZV�IURP� �� � ��� ��WKDW�G�LV�PLQLPXP�LQ�WKH�FDVH�RI���� ��ZLWK�P 1�� ,Q�WKLV�FDVH��
�
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�§��1 �� �� �� 1 � ��� ������������������������������������������������������������������� �� � � �

�
�7KLV�PHDQV�WKDW�DPRQJ�DOO�UHSXQLWV�ZLWK�WKH�QXPEHUV�RI� GLJLWV�OHVV�RU�HTXDO�WR�1 �ZKHUH�1 �LV�UDQN�RI�
V\VWHP�RI�QXPHUDWLRQ�WKH�UHSXQLW��1 �5 �1� � ��ZLWK�WKH�EHVW�UHODWLYH�DSSUR[LPDWLRQ�LV�WKH�SURGXFW�PD[ LPXP�
KDUPRQLF�LQWHJHU�+ 1 �DQG�RQH�GLJLW�QXPEHU��1 �� ��1 ��
�
�
�������������� �1� 5 �1� � ��§��1 � � ��1�Â�+ 1 ���������������������������������������������������������� �����
��
) RU�WKLV� UHDVRQ� ZH�VKDOO�QDPH� WKLV� UHSXQLW� PLQLPXP� HUURU�UHSXQLW�� $ OO� QXPEHUV�LQ��� � ��KDYH� VSHFLILF�
V\ PPHWU\�� 1 XPEHU� LQ�OHIW� SDUW� DQG� ILUVW� IDFWRU�LQ�ULJKW�SDUW� LV�LQYDULDQW� UHODWLYH�GLJLWV�SHUPXWDWLRQV���
6HFRQG�IDFWRU�LQ�ULJKW�SDUW��KDUPRQLF�LQWHJHU��KDV�QDWXUDO�VHULHV�V\PPHWU\�PD[ LPXP� DYDLODEOH�IRU�GLJLWV�
RI�JLYHQ�V\VWHP�RI�QXPHUDWLRQ���5HODWLRQ�� �� ��LV�DSSUR[LPDWH�ZLWK�PDWKHPDWLFDO�SRLQW�RI�YLHZ��EXW�IURP�
SK\VLFDO�SRLQW�RI�YLHZV�LQ�WKH�PRVW�LPSRUWDQW�FDVHV��� ���P XVW�EH�FRQVLGHUHG�DV�H[DFW��5HDOO\��,Q�WKH�FDVH�
RI�GHFLPDO�V\VWHP� IRU�H[ DPSOH��1 � �� UHODWLYH�HUURU�LQ��� � �� LV�a�� �� � �  � � � � �� � �LQ�DFFRUGDQFH�ZLWK���� ���
0 RVW�RI�SK\VLFDO�IXQGDPHQWDO�FRQVWDQWV�DUH�PHDVXUHG�WRGD\� ZLWK�PXFK�ZRUVH�DFFXUDF\� >� @�DQG�PD\�Z LOO�
QHYHU�EH�PHDVXUHG�ZLWK�WKH�UHODWLYH�DFFXUDF\� �� �� � ����

�
� ��7HVW�‹ ���
�
/ HW�XV�FRQVLGHU�UHSXQLW��1 �5 �0� �� ) ROORZLQJ�WKHRUHP� �IDFWRUL]DWLRQ�WKHRUHP��LV� WUXH��³� UHSXQLW� ��1 �5 �0� �
PD\�EH�UHSUHVHQWHG�DV�SURGXFW�RI�WZR�LQWHJHUV�UHSXQLW�DQG�XQILOOHG�UHSXQLW��LI�0� FRPSRVHǴ �
�3URRI��/ HW�XV�VXSSRVH�WKDW�0  3Â4�ZKHUH�3�DQG�4 �DUH�LQWHJHUV��7KHQ�ZH�FDQ�REYLRXVO\�ZULWH�
�
��1 �5 �0� � � �1 �5 �3 ��Â��1 ���

�0�3� � �1 �5 �3 ��Â��1� �� �0�� 3� � « � �1 �5 �3 ��Â��1 �� � �0 � �4� � �Â3�� �1 �5 �3�� �
�
 �1 �5 �3 ��Â�>�1 ���

�0� 3� � �1 ���
�0��3� «� �1 � � � �0 � �4� � �Â3�� � @����������������������������������������������������� �����

�
6XPPLQJ�H[ SUHVVLRQ�LQ�WKH�EUDFNHWV�ZH�REWDLQ�
�
��������� �1� 5 �0 � �1 �5 �3 ��Â��1 ����� � «��� � � « �� � � � «�« � ���« � � � ������������������ �� � ��
�

+HUH�IDFWRU�LQ�EUDFNHWV������LV�LQWHJHU�FRPSRVHG�RI� 4 �XQLWV�ZLWK�3� � �] HURV�EHWZHHQ�WKH�HYHU\�QHLJKERU��
XQLWV��7KHRUHP�LV�SURYHQ���
�: H�VKDOO� VD\� WKDW�SULPH�&1 � LV� FRQVLGHUHG�DV�FRQIRUPLQJ� WR�WHVW�‹ �� LI� LW�GHYLVRU�RI� PLQLPXP� HUURU�
UHSXQLW��1�� 5� 1 � � ���7KLV�LV�GHILQLWLRQ�RI�WHVW�‹ � ��) RU�GHILQLWLRQ�RI�WHDVW�‹ ��VHH�>�@��8VLQJ�DERYH�WKHRUHP�LW�
LV�HDVLO\� WR�ILQG�WRWDOLWLHV�RI�&1 �IRU�1 �O\ LQJ�LQ�WKH�UHJLRQ����”�1�”� � � ���
�
������ �5 ��� � � �� � � �
������ �5 ��� � � � Â�Â� Â� � Â�� �
������ �5 ��� � � �� � Â��� � �
������ �5 ��� � � ��Â��Â�� � Â����������������������������������������������������������������������������������������������������������������
������ � �5 ��� � � � Â��Â���� � � ��� ��������������������������������������������������������������������� �� � � �
������ � �5 � � � �� � � �Â���� � Â������
�
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�
:H�FDQ�VHH�IURP� �� � ��WKDW����WKHUH�LV�QR�RQH�SULPH�FRPPRQ�WR�WZR�WRWDOLWLHV��� �� RQO\�WZR�WRWDOLWLHV�KDYH�
FRPPRQ�QXPEHU�RI�SULPHV��� �� 1 XPEHU�P� RI�SULPHV�LQ�WKH��� WRWDOLWLHV�OLHV�LQ�WKH�UHJLRQ�� ” P”� � �� � �� QRW�
DOZD\V�DOO�SULPHV�LQ�WKH�WRWDOLW\� DUH�GLIIHUHQW��
�/HW�XV�FRQVLGHU�WRWDOLW\�LQ�� �� �� WKDW�FRUUHVSRQGV�WR�GHFLPDO�V\VWHP�� : H�QRWLFH�WKUHH�IDFWV��� � � ��� + ��� �LV�
�1 �5 � � ���� ���7K H�WRWDOLW\�FRQVLVW�RI��IRXU�SULPHV��� �� WRWDOLW\�LQFOXGH�SULPH���� �� ,I� ZH�ZLOO�GR�IDFWRUL] DWLRQ�
UHSXQLWV��1� 5 ��� �ZH�VKDOO�ILQG�WKDW�QH[W�WZR�UHSXQLWV�WKDW�LQFOXGH�IDFWRU��� � �LV�� � ��� 5 � � ��DQG�� � ��� 5 ��� ��6HFRQG�
FDVH�WULYLDOO\� IROORZV�IURP� WKH�DERYH�IDFWRUL]DWLRQ�WKHRUHP�VR�DV�� � ��  � � � � � �5 ��� �� : H�FDQ�FRQFOXGH�WKDW�
SUREDELOLW\�WKDW�WKH�IDFWV� �� � ��� Z LOO� EH�IXOILOOHG�IRU�RQH� LQWHJHU�LQ� WKH�RQH�RI�SRVLWLRQDO�V\VWHP� RI�
QXPHUDWLRQ�LV�YHU\�ORZ����
�
��� ��3RVVLEOH�DSSOLFDWLRQ�WR�SDUWLFOH�SK\VLFV�
�
/ HW�XV�FRQVLGHU�WRWDOLW\�RI�0 �GLIIHUHQW�ERVRQ�TXDQWXP�ILHOGV�%� ��%� ��%� ��«�% 0�� WKDW�DUH�GLVWLQJXLVKHG�E\�
VRPH�GLVFUHWH�SDUDPHWHU�

KK
��/ HW�XV�VXSSRVH�WKDW�SUREDELOLW\� RI�GLVWULEXWLRQ�RI�TXDQWXPV�RI�HYHU\�RI�ILHOGV�

LV�XQLIRUP� LQ�WKH�FRQILJXUDWLRQDO�VSDFH��IRU�VLPSOLFLW\�LQ�WKH�FRRUGLQDWH�VSDFH���/ HW�XV�DOVR�VXSSRVH�WKDW�
DOO� WKH�TXDQWXPV� KDYH� HTXDO�LPSXOVHV�VSLQV� DQG�RWKHU�PHDVXUDEOH�G\ QDPLF�FKDUDFWHULVWLFV�� )LOOHG�0 �
GLJLWDO�LQWHJHU��1 �$ �0� �PD\�GHVFULEH�VXFK�VWDWH�RI�WKH�ILHOGV�LI�ZH�ZLOO�VXSSRVH�WKDW�ILUVW�GLJLW�FRUUHVSRQGV�
WR�QXPEHU�RI�TXDQWXP� �ILHOG�%� ��VHFRQG�WR�QXPEHU�RI�TXDQWXP�RI�%� ��WKLUG�WR�QXPEHU�TXDQWXP�RI�%� �DQG�
VR�DOO��2 I� FRXUVH� LW�LV� VXSSRVHG� WKDW�QXPEHU�RI� TXDQWXPV� RI�HYHU\� ILHOG�GRHVQ¶W� H[FHHG�WKH�1� �� UDQN�
V\VWHP� RI� QXPHUDWLRQ�� 1RQ�ILOOHG�LQWHJHU� ZLWK�. � ] HURV�DQG�0 �. � GLJLWV�FRUUHVSRQGV�WR�VWDWH�RI� ILHOGV�
ZKHQ�. �RI�0 �ILHOGV�KDYH�]HUR�RI�TXDQWXPV�LQ�WKH�VSDFH��,I�WKH�QXPEHU�RI�TXDQWXP�RI�HYHU\� ILHOG�LV�XQLW\�
WKHQ���1 �$ �0� � � �1 �5 �0� ��
��,Q�SDUWLFOH�SK\ VLFV�VWURQJ�LQWHUDFWLRQ�UHDOL]HG�E\� � �QHXWUDO�HTXDO�ERVRQ�ILHOGV�WKDW�DUH�GLIIHUHG�RQO\� E\�
WKHLU�FRORU�FKDUDFWHULVWLFV�VR�WKH�

KK
�PD\� EH�FRORU�SDUDPHWHU�LQ�WKLV�FDVH���:HDN�LQWHUDFWLRQ�UHDOL] HG�E\� WZR�

ERVRQ�ILHOGV�RQH�HOHFWULFDOO\�FKDUJHG�DQG�VHFRQG�QHXWUDO�VR�LQ�WKLV�FDVH�
KK

�PD\�EH�WKH�FKDUJH�RI�TXDQWXP��
DQG�HOHFWURPDJQHWLF�LQWHUDFWLRQ�UHDOL]HG�E\�RQH�QHXWUDO�ERVRQ�ILHOG�>� @�� ( YHU\�LQWHUDFWLRQ�FKDUDFWHUL]HG�
E\� WKHLU�GLPHQVLRQOHVV� FRQVWDQWV� RI� LQWHUDFWLRQ�� $W� ORZ� HQHUJ\� OLPLW� WKHUH�LV� RQH� FRQVWDQW� IRU�VWURQJ�
LQWHUDFWLRQ�

DD
V
�� �§� � ��WZR�FRQVWDQWV�IRU�ZHDN�LQWHUDFWLRQ�

DD
Z

� � �§������ �DQG�
DD

]
� � �§� ����� ��RQH�FRQVWDQW�IRU�

HOHFWURPDJQHWLF�
DD

� � §� � � �� � � � � � ��� � � �±�ZKHUH�
DD

�LV�ILQH�VWUXFWXUH�FRQVWDQW�>� @��1 RERG\� NQRZ�Z K\�WKHVH�
FRQVWDQWV�KDYH� VXFK� YDOXHV�� QR� WKH�WKHRU\�RU� 3ULQFLSH�SUHGLFWHG� RWKHU�YDOXHV�� 6R�WKHUH�DUH� IRXU�
GLPHQVLRQOHVV�FRQVWDQWV� RI� LQWHUDFWLRQ�� $V� ZH�UHPHPEHU�PLQLPXP� HUURU� UHSXQLW� ��� �5 ��� � DOVR� KDV� IRXU�
SULPH�IDFWRUV�DQG�RQH�RI�WKHP� LV�SULPH������ WKDW�ZLWK�WKH�UHODWLYH�H[DFWQHVV�EHWWHU�WKDQ������� FRLQFLGH�
ZLWK�WKH�

DD
�� ���,V�WKLV�DFFLGHQW�FRLQFLGHQFH"�7KH���� �5 ��� �PD\� GHVFULEH�VXFK�PHQWLRQHG�DERYH�XQLIRUP�VWDWH�

RI�� � �JOXRQ�ILHOGV�WKDW�UHDOL]H�VWURQJ�LQWHUDFWLRQ�ZKHQ�HYHU\� RI�WKH�FRORU�ILHOGV�KDV�RQO\�RQH�TXDQWXP�LQ�
WKH�XQLYHUVH�� � ,V�LW� SRVVLEOH�WR�VXSSRVH� WKDW�RXU�XQLYHUVH�ZDV� FUHDWHG�VR� WKDW�DW� WKH�EHJLQQLQJ� RI�WKH�
FUHDWLRQ�ZDV�IXOILOOHG�UHODWLRQV"�
�
����������

DD
V
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DD
]
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DD
Z
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DD
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�
7KDW�PD\�EH�QDPHG�DV�³PD[LPXP�KDUPRQ\� 3ULQFLSH �́�7KH�EDVH�IRU�WKLV�VXSSRVLWLRQ�PD\� EH�WKH�IDFW�WKDW�
SUHFLVH�H[SHULPHQWDO�PHDVXUHPHQWV�VKRZ� WKDW�

DD
�UHDOO\� VORZ�FKDQJHG�ZLWK�WKH�WLPH�>� @��: H�GRQ¶W�NQRZ�

WKH�VDPH�IDFWV�DERXW�WKH�RWKHU�FRQVWDQWV��EXW�DFFXUDF\� RI�WKHLU�PHDVXUHPHQWV�WRGD\�LV�WRR�EDG�WR�QRWLFH�
WKHLU�FKDQJHV���
�,Q�WKH�SUHYLRXV�VHFWLRQ�RI�WKH�DUWLFOH�ZH�REWDLQHG�LQWHJHU���� �IURP� V\PP HWU\�FKDUDFWHULVWLFV�RI�LQWHJHUV�
SUHVHQWHG�LQ�WKH�SRVLWLRQDO�V\ VWHP� RI�QXPHUDWLRQ��WKDW�IROORZ�IURP�WKH�SXUH�PDWKHPDWLFV��EXW�LW�LV�NQRZQ�
WKDW�LQ�RXU�WLPH�PDWKHPDWLFV�YHU\�TXLFNO\�WUDQVIRUPHG�WR�SK\VLFV�>� @�����
�/ HW�XV�UHWUDFH�DJDLQ�RXU�DUJXPHQWV��7KH�H[ LVWHQFH�RI� � �FRORU�JOXRQ�ILHOGV�ZLWK�WKH�RQH�GLPHQVLRQOHVV�
FRQVWDQW�RI� LQWHUDFWLRQ�IROORZV� IURP� WKH� 68 ��� � V\PP HWU\� H[ SHULPHQWDOO\� REVHUYHG�IRU�WKH� VWURQJ�
LQWHUDFWLRQ� >� @�� &RPELQLQJ� WKH�H[ LVWHQFH�RI� WKH�� � VLPLODU�ILHOGV�DQG�V\PPHWU\� FKDUDFWHULVWLFV�RI� WKH�
LQWHJHUV�ZH�FDQ�FRPH�WR�GHFLPDO�V\VWHP� LQ�ZKLFK�UHSXQLW� FRPSRVHG�E\� � �XQLWV�KDV�VSHFLDO�V\PP HWU\�
SURSHUW\� � �P LQLPXP� HUURU�UHSXQLW���$ IWHU�WKLV� VXGGHQO\� Z H� QRWLFH�WKDW� WKLV�UHSXQLW�LV� IDFWRUL]HG�E\� � �
SULPHV�DQG�RQH�RI�WKHVH�SULPHV�ZLWK�JRRG�DFFXUDF\�FRLQFLGHV�ZLWK�RQH�RI�GLPHQVLRQOHVV�FRQVWDQWV��$I WHU�
WKLV�ZH�VXGGHQO\�QRWLFH�WKDW�FRPSOHWH�QXPEHU�RI�GLPHQVLRQOHVV�FRQVWDQWV�RI�LQWHUDFWLRQV�LV�DOVR��� DQG��
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WKDW�YDOXHV�RI�DOO�WKHVH�FRQVWDQWV�DUH�WKH�VDPH�RUGHU�DV�YDOXHV�RI�WKH�� �PHQWLRQHG�DERYH�SULPHV��([LVWHQFH�
RI� WKH�� � GLPHQVLRQOHVV� FRQVWDQWV�IROORZV� IURP� �DGGLWLRQDO�WR� WKH�68� � � � V\ PPHWU\�� H[ SHULPHQWDOO\�
REVHUYHG��68�� � �V\PPHWU\�RI�ZHDN�LQWHUDFWLRQ�DQG�8�� � �V\PPHWU\�RI�WKH�HOHFWURPDJQHWLF�LQWHUDFWLRQ�>� @��
$ OO�WKLV�ORRNV�DV� WKH�FKDLQ�RI� DFFLGHQW�FRLQFLGHQFHV�LQ�WKH�GHWHFWLYH�VWRU\� RI� WKH�\ DQJ�6FRWWLVK�,ULVK�
SK\VLFLDQ�$ UWKXU�&RQDQ� 'R\OH�>�@��%XW�LI� ZH�DW�WKH�EHJLQQLQJ� ZLOO�VWDUW�IURP�WKH� GHFLPDO�V\VWHP� RI�
QXPHUDWLRQ�ZH�REWDLQ�PRUH�ORJLFDOO\� EDVHG�SURFHVV��'HFLPDO�V\ VWHP� OHDGV�XV�WR�UHSXQLW�FRPSRVHG�E\� � �
XQLWV�WKDW�LV�IDFWRUL]HG�E\� � �SULPHV��) URP�WKLV�LPPHGLDWHO\� IROORZ� � �JOXRQ�ILHOGV�DQG�WKH�68 �� � ��68� � � �
DQG�8� � � �V\PPHWULHV�ZLWK�WKHLU��� �GLPHQVLRQOHVV�FRQVWDQWV�RI�LQWHUDFWLRQ���
�
�
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5 HIHUHQFHV�
�

� �� $ ��6OLQNR��KWWS���ZZ Z�PDWK�RXFNODQG�DF�Q] �aVOLQNR�$ 57 ,&/ (6� $ EVROXWHB3ULPHV�SGI�
� �� 3DWULFN�' H�*HHVW��KWWS���ZZ Z�ZRUGRIQXPEHUV�FRP�UHSULQWV�KWP�
� �� ( YJHQLL�(��0HHUVRQ��KWWS���HYJHQLLPHHUVRQ�WULSRG�FRP�
� �� ' DYLG�/�� /LGH��(G��+ DQGERRN�RI�FKHPLVWU\�DQG�SK\VLFV����HG��� � � � � �� �
� �� / ��%��2 NXQ��KHS�SK�� � � �����
� �� -HDQ�3KLOLSSH�8]DQ��5HY��0 RG��3K\ V���Y��� � ��S�������� � � � ��
� �� $ �9 ��0 DUVKDNRY��3K\VLFV�8VSHNKL���������������� �� �
� �� ( QF\FORSDHGLD�%ULWDQQLFD��Y�����S�� � %��� � � � � ���WKH�8 QLYHUVLW\�RI�&KLFDJR��&KLFDJR�/RQGRQ�7RURQWR���

�


